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~ 250 2.4 lnftniteLimits 

Objectives 

1) Find and sketch vertical asymptotes 
a. Rational functions 
b. Trig functions 

2) Determine infinite limits 
a. One-sided limits from left or right 
b. Two~sided limits 

An infinite Umtt is when x approaches a finite value, but y approaches + oo or - oo . 

[Note: This is not a limit at infinity, where x approaches + oo or -oo. limits at infinity are covered in 2.5] 

When the limit is infinite, the answer has three parts! 
i. +ct:> or - a> or neither 
ii. ONE 

m. Reason limit does not exist is UNBOUNDED behavior. 

Important note: For a limit to be + «>, both one-sided limits must approach +ct:>. Ditto if - co • 

Properties of Infinite Umlts 
Let lim /(x) = oo (an infinite limit, y coordinate) and Inn g(x) = L (a finite. limit, ycoordinate),.where a is a 

X-+11 X-+11 i 

finite number. Then: 
a) lim [f (x) ± g(x)] :d oo because infinity plus or minus any finite· number is infinity 

X-+4 

b) lim [f (x) · g(x)} = oo because infinity times any finite number is infinity 
Jt-+fl 

c) lim [t (x)] = oo because infinity divided by any finite number is infinity 
x-ta g(x) 

d) lim [ g(x)J. = O because a finite number divided by an ever-larger (infinite) number goes to O 
X-+11 f(x) 

Deflnitiolt of a Vertical Asym,_e 
If lim f (x) = :too, lim f (x) = :too, or Jim f (x) =:too, the line x =a is catted a vertical asymptote. 

x-+11 x-+11+ x-+a· 

Hint 

% is undefined, but ~ is indeterminate •. If direcx substitution gives an undefined (finit~ number divided by . 

zero) function value, consider the graph and look for an infinite limit 



~ 

Examples and Practice: 
Find the equations of any vertical asymptotes, sketch graphs, and use graphs to find the limit's 

1) 

2) 

-5 
f(x) = 3 2 2 4 +8 x - x - x 

lim f(x) 
x-+-2+ 

a. 

b. lim f(x) 
x-r-2· 

c. lim f(x) 
x-+-2 

d. lim /(x) 
x-+2+ 

e. lim f(x) 
x-+2" 

f. limf(x) 
x-+2 

-5x+l0 
h(x)= 

x2 -4 
a. Jim h(x) 

x--+2• 

b. fun h(x) 
x-+:r 

c. limh(x) 
x-+2 

d. lim h(x) 
x-+-2.,. 

e. lim h(x) 
x-+-2" 

f. lim h(x) 
%4..;.2 . 



3) 

4) 

k(x)=sec~ on (-21l,2tt] 
2 

a. lim k(x) .r_.,.,+ 

c. limk(x) 
x-+tr 

m(x)= ~¥)on [-10,10] 

a. lim m(x) 
.t-+-6+ 

b. Lim m(x) 
x-+-6-

C. lim m(x) 
.t-+-6 

d. BONUS: Approximate lim. m(x)to nearest hundredth. 
x..+-2 

TEST YOURSELF: Review of Limits 

1 
x<O 

x+3 

5) /(x)= 
7 2 

O~x<4 --x +4 
16 

..f;'-.5 x>4 

a. /(-3) 

b. lim /(x) 
.t-+-3 

c. /(0) 

d. limf(x) 
.t-+0 ' 

e. /(4) 

f. lim/(x) 
.t-+4 
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j'V\.~ 2'SO 

(D F c~) -:: 

><
3·-?. )<-i.---Yx+ S 

fa.,c~ Je~h-Ql'Yl.l l'lkfvr: 4 --kv111~1 .ftt.lfv-r hy ~i'7JU.-fi~ 
x~ - ?.x·i.. - Lf x + 2? 

Gt F x'1- bCF - :J. 

- X~ (K-~) - Lf (x-;J.) 
........- ~ 

Glf lx-;;.) 

:: (X-:J.) ( X2 -4) cli./ference cf. s9iuir6 

:: (x-;;.)(X-?.)( X +?-.) 

J v.er.1-ictd <A?jrvtffV.k, x:::: ~ 2 J..= -2 f 

5J<e:,kh ~~ph. (i1~1\1q ~ y,= -5/( x~-:;..·/'--4x+-'i1) ) 
' } 

a) lim -+ fix) = · _ ~ 
)(~-2 1>N'E 

IM'l bo IAnM d 
11,111+ .f¥vm rlj11+ as x~-2.. 

·----If~<~......;--­

- 2. 

b) lim _ ·hx) = + o0 
X-7 -2 l)/\/E. · 

un be undeJ 

I im I~ fvon1 /.e..P+ c,i5 x~ -~ 

>>> I 

cl) I irn J .fcx.) -= 
){~ J.' 

-ONE 
L4-R. 
unJ:io u.nded - co +o0 

'Rernernher-: Li's+ :ALL r..ettSoYJ5 
-1fta,,r a li'M i+- do£5 vio+--e~ is-I-. 



rn akh :l5(J 

f) Jim flX) = -oO 
x~~ PNt 

itnbflundecl .-{j) 

@) hlX)::. - 5.X+ 10 

x2 -L.f 

pa_c.ftrri (f)mplefe ly. 
h (X) -= - 5 ( X -~) 

(x-~)CX+ °') <f- XI-~ and Xf -:;_ . 
fJ.e-H1.er vtLlue; is ih dorn.tUrJ. 

/,{x) - - !i ) Ji,r all x-=F- 'J. 
(X +:i.. 

u n d e.J'.111.e d )(-::= rL 

( X-i) Ctln b,e, d,,{ v/~ rJ 0 ~ 
~-;1-) 

7o t 0 ~ ab vve rrM'Yll vn);x,y­
~ h(J..) is uncle~. 

Fecau50 <x-~) = I X=?. is tl 110/~. 
Qt-a-) .) 

EM-ic.-J abtm&f,e, X=- -d. btt~ \ 

6-rztph. Tn {"ff/ y (::;.. (- nx-r I 0) I (Xi.- Lf) 

a) lim htx) ---> g@ 
,X-? '°Iv+ 

;:;. hm ·-.5(x4} 
X-7 J.:+" (~{X+a-) 

:::: /im -5' 
x~J..- X+-'9. 

- 5"" -



rn~25"0 

d) /iJYJ h{x)-= - r:£J 
X'-7 --~ + -ONE . 

unbound-eel 

" I < <-1 < ·'> 

- 1- --fro V\I\ rij h+ 
/('" 

./~ g t?<fh jb-e s Jcll.n'\ 

e) Jim h (x) =-
X-?> -~-

+o0 

-'2. 

-PNE 
unbounded 

fr"WI /e.fj-) Jhlf j, (j"C5 ¥ 

.f) llm h{x) =- DIVE . 
X~ -~ Unboiuu/-ed 

Li:R 

@ k(X):: 5eo(f-)::: _/_ 
~s(-fr-) 

pei-·i'oc/ : f ::::- 'J:lf a>-~me11+ = o rif' 'ni;t,/ pa·teJ of. .5eC (} N C~S B-

X ~ ifrr solve ~Pdlon fe-,,- x 

a.sy rnp.fvf.es .· t.P~ (f) == O 

x - ·1( ...-- - . .----. 
~ Q-

~-:;:; 1T 

r.e'f,' e,~; ..& ::.. 311 
a- ~ 

&o s ·8 ==- o 
e -:::: ·1Y 31Y 

--)-

JJ. ~ 

5bf ~ume M-:~ /oc_afi un of, Zliro 
()r1 Ull-~rt~tf f'und:u>Y) 

y: ~ 3-,r ( M- of d ()Wiil i11) 
toS er:=- O tU t'o When 
ti - -1Y -31/ 
Cl- -1.LJ --

r-.e.iOeti,f ~ X :::. -7( v· - ___. 
&.. -;)... 

"(}- 9-

x~~ 

r.,_f 12.t»f ' f :::: -~ = X =' - 3/f ( ouf ,,{Jo main) 



/,,---...,, 

-I 

I 

5eL(:~)- .c:.- r 0 :::_. _L :::- _L :::= l 
2 - ~ CoSD I 

~ ( ~) :::::. ~ 1T =- _j_ .:::. J_ -= - I 2 eos-rr -1 

oheck l IA Ge : 

y1 -= 1/co~(x/;;i..) 

j·ZcOH I 
/,.IR.16-

sec. c·- 2 
") -::: Sec (-'1T') =- _J_ -:: _!__ =: - I 

:::L (OS (-1r) -i 

b) I Im _ k{X) _ 
X·-71T 

J>N'E 
L"i=R 
u.n bo unded 

I 

( 

/ , .,, 
"1'\ 
J 

I 

I<<< ~ 

~~--~~+)~~1~-----> 
IT 

(j.,,S X~ 7f 
.pn, t'VI le.f+ 

tJ rttph fjo-t'S Uf• 

/lfl1 k tx) -=J:. lt'm - ~{ x) 
X-71f"" )(~IT 

-c/J -=/=- +~ 



ma..tit 2-!io 

@ tn{x)=: -(X+d..) 

U>f(:1Jt-) 
tvf (j = _I 1'Yle~tn~ I - . .L.. · n - - I C{,.f/ (/ 

fan/} l/JfB 

>< -:= !±JI. -::: if s 0 lv-e,, .fo y x ' 
II 

pentJd w+-(7'J) ; s 4 lmifs. (no-P-). 

tisy~rrhrkf? : --hi n -6-= sin 8-
cose 

mean5 CCJS B-:::=O f!l'ves as y1,,,.,,,plrr/-e- . 

]3uf ·8 =-TTX . 
4 

/TX ·-IT --Lf :;}-. 

x -=- .-Jr 0 !.L 
9- ~ 

X-=- r;J... 

7.-R-kV vrl,,e 11 rn {x) ==- o { x - 1'n-k ~p+-) 
-(X+;J-) ~ 0 
lv+(~)-

.- (X·} ?-) -:::- D ( t P"f ='0-) :::: 0 

x-+ ;).-:::: 0 

~ 
WDAft ! t-f ow cav1 
X-== - :J.. be bo*' 

/ · /. · ct. U¥o ancf an 
t1Sy~f+?# ~ 

1 f· can'+! 



rnMfi a~o 
PrtU.~·&Vt.J)....I uro5 

Jrn {X):::. - (x+aj . +art~) 
~ 

f-zl . ftrt£) . W. ti.e_ VI _.AVij S .fa t:fv Y- .::;: 0 

ln ~ -, ::: $1 Vl {n;f-) ~ 0 

cos(~-) 

when sin {-rrx \ = o siM b-~ o 
·--r:r-) 

V-1Y 
·')(-:;;. 4 

~~= --11 
4 

IX·~ -if 
.(j-~ -'J--rr 

- I 

cdso 1TIX = + :;._ 11 
Lf 

-:JJ:f ::: - ?-1r' 
t..{ 

tA~-l ~ ·fo ·-Fill ifl de+ai/?: 
Y / = - ex+;;-)*" -rnn (1ffj 

. -
-- \0 

' 

X-=- '? 

_, 
i 

I')(·-:;..~ 

-+~~r.~~:-~.._+-+--+-.._+--4---~ 
\ \ 0 

( 

( 

1t 

I 

') 7 •• 
llLh If) x::: -- :l E IGRDR. --'> h 0 I e- ! 

) 

""B_,t,+ i+~ NOT \j ~ 0 

L' li'vYl rntx) ==- - oD i x-::, -ft,+ '1;) ~ -¢- I <<i, ~ 

fA.Ji bounded -~ ~ 
tLS X-7 -" -(+ii rn n3 h+ 

(J rap h ~ IJ.t1> do W"Y) 



~' 

fVl t>iAit J.-5 0 

b) lt'm rn { x)· 
x~-c,-

-1- oO 
-P!Ve 
IM1 bo utuied 

"< 7')) I > 
-f, 

a..s X·-?- - ~ ~»'( /.e..pf­
fj mp'1 (joe5 up. 

G) J 1'm rn {x) -= 
x~-~ h.e Ca/A5(!.,,, 

. i lrn rn (x) -=I= lirn _ m{x). 
x~-~+ ¥-7-0 

J) I lm mlX) anKrra><irnd.e us1'n11 q Jtum..enca/ fab(e. 
x~ -:;. rr J 

x -/,,CJ ·-I ~q1 .-1.qqq I -/,C/q1Cf 

m{X) /. 'J :ro ~ I , ·-;;. 1- 3 IJ- I . "J 1-- 3 ·J... /, ·~:19:J.. 

' J J 

x - a* I - '). ,()-/ - 'J,, OD/ ·-~. 000/ 

IH(X) I,, Q'J-o(, /. :J.-:t3d- I# :J.-~3 d- I.~ -=l-32. 
I 

' 
J 

' I Im m{X) ~ j I& 'd..71- f 
x~-;).. 

lo ~/nd //tv1 M[X) atiafuJ-icalAy Voi1 wi'I/ ht?<7tl L'lf~/~ls 7?ule; 
x~-~ ;·· ) 1· 

/lv1 
/, i cJ!i i 5 -/auq /v.f i rJ /vtM{, 25/. 



J_ 

?< > 'f 

~· 
L_ Ge '. ~ I -::::- c I I{_><- k'3) ) ( x < 0 ) 

'L~t-iA-TH-7 IS ~iJ 

c'!j2-==- (- 7/Jto * x 2 
+-if )( (rx~ o} avicl (x'-.4)) 

1" 
[2hdj~Af1+] rB cs~ 

l - ( - ---"3+-:5 0 

~l.LJ; ~tu._.. Vlt -S- = ~ -S::::- -3 

6r -]:(<1)-i.+ !../ = ~7+'-1=- -3 
I (p 



Examples and Practice: 
Find the equations of any vertical asymptotes, sketch graphs, and use graphs to find the limits 

~l) !<:~.~~~~' x~-~,A:~::+:~,~J ll:\\J:liJ]~,1rf{\1 1 

2) 

3) 

b. 

c. 

lim 
1 

x-->-r X + 1 

1
. 1 
1m--

x-->-1X+1 

_... -

3 
g(x) = (x-1)2 

1
. 3 
lffi ( )2 

X--> 1+ X -1 
a. 

1
. 3 
lffi ( )2 x--> r x-1 

b. 

c. 1
. 3 
1m----

x--> I (x-1)2 

-5 
h(x) = 

2 x -4 

a. 
-5 

lim--·-
x--> 2+ x2 -4 

b. 

c. 

d. 

e. 

-5 lim---
x--> r x 2 -4 

lim 
-5 

X-7 2 X2 -4 

lim 
-5 

x--> -2+ x 2 - 4 

-5 
lim 

2 
X--> -r X -4 

-5 

:;_ 

- 1.)4} 

·_Dt--it) 

x;:;:: ~ --;;>... 
c-t-5.j ~p+v+-.es 

-- [)14 
I DN€; vc.vvb~ 

DNEJ L4-R_.. 1.A,11vbo u~J 

+oo) l)tJ'E \AV\, b 0 iAV'-<l,eJ 

-- c:£J,; ·t>NE tAnbei i.M-'"'~...R c\ 

f. lim 
X--> -2 X2 -4 - ·p i-.lt;;) \...-:\:- R \AN~ b L't.Uf\-~ J 

) 

f :::;:::::::;:::+:::;:::~:::r:1::t · _:-;:--::::;:::t:;:::t::r:f:::l:::1 
r~~~r~~~1-··r--1----r--r---:---r--r--- ---r·--r--:--· :·--: .. : --:·---: -~ 

JrttilifJ,liTtllll ~ 
f- - - ~ - - -1- - - -:- ---:- - --.~- - - - +- --~ ----1- - - -:- --- ~- - -~ - - -~--- -:- ---:-- - -:--- -~- - - t-- -~ 

l---l---i---1---1----l------1---1---j-------l---L--l---l---j----i---L-l---l---1 

t••!!Jtttj;J: •U+tfil+•i·.I 
l-cf'.-4 ... • -, ·. 'V r- ljkt 

¥ --

i:HJF!:J(HJ:h!iT, 
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\---\---i---1---i----:----\---\---1---1-- ::_:_-t_ .. ' :_-:_-:_-._ .. : :_-:_-:_-i_t_-:_-:~.1.·-.-_:_-:_J.':_-:_-:_;.c_: __ : _,T_:_-:_J_: __ : __ :t!_-:_-:_-:.'.\ 

·[ __ ::-__ ::· __ :_:_:_J:-_ :-_ -:_ ·] __ ::

1
Tl_:"_I£-_: __ l-_I -:_1.-_ .· __ :_:_::_::-_:_--_ JI!.:. - "' 

~r:.Y ,.,,_ _ __ , ___ , ___ L_~~-rt;-·---·---' 
·.J I 

I 
;:::F:;:::;:::r:;:::!:--F;:::;::: :+::f:::;-+::;:::t:+::;:::;:::1 

/iltf lj'lf ]' 1Jilf i1
j 
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1lX 
4) k(x) = -2sec-

4 

c. lim-2secnx:::. ·1)NE L.=f-R LA.n.loovcn~.Lc\ 
X--+ 2 4 J I 

5) m(x) = x+ 2 :::: ('1(+2.)h:u-i,><. Ct5)' mp-~k::s 
cot x .")( ::: 'i\ + \<1' k-~ 2 

::>-- ) 
DNt un b,., ;...uu.\..R-d a. l

. x+2 
llll -- = ...-<:><) 

1r+ cotx / 
X--+ -

2 

b. lim x+ 2 ~ +- oO ·-pf'l-E !AVlbo-.~V\cled 
x--+ '!..- cotx 

2 

c. lim x+ 2 :.;:.. ])Nf;; ~R L\.nbc.IA-~~ 
x--+ '!... cotx 

2 

d. lim x + 2 ·=- (0 t--;2.)+;c(M. 0 :::~ 2( o') 0 
x--+ o cotx 

ye~-\~ 1f'1G::;·IY al>~~s 
9t'"1Wd I tT( ~ -;:. 1L 

'2-

6) n(x) = x 2 tan(nx) X:::: _;_ +- K k6 7L 

a. lit~+ x 2 
tan(nx).:::... _ clJ J)ts1; l.A-11\,,b>~ 

X--+ - ) 
2 

b. lID;1_ x 2 tan(m) -~ + ~ J 'bN~ ~c~:LeJ 
X--+ -

2 

c. lintx2 tan(nx):.::: })t-J ~ L+.R u.AJoo~~ 
X--+ -

2 



. ' 

H 'a...-K 2 so ~ _ · ___,__ 
~-~:=~~~-~ 1- Tvih~i+e ~'~Z·fs 
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1o) 

c) 

~) 

fCs) ~ ~ ~ /u.~kA~ I - -s--s 0 

.,,el""" 
oo ("DN to, +ex) L::f R a~d. Uli\bo u.-~~ J 

X-7 5 

x y.,q 

JL'>C) ·- J.o 

\ y 0 qq 
1 

lf.qq"i 

- d-o o I 
- ;;}.ooo 

ct5 IC _::; S f!-v-l:TYV"I 
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